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Abstract
In this paper we are interested in spectral decomposition of an unbounded
operator with discrete spectrum. We show that if A generates a poly-
nomially bounded n-times integrated group whose spectrum set σ(A) =
{iλk; k ∈ Z∗} is discrete and satisfies
∑
1
|λk|ℓδnk
< ∞ (n and ℓ nonnega-
tive integers), then there exists projectors (Pk)k∈Z∗ such that
∑
Pkx = x
(x ∈ D(An+ℓ)), where δk = min
(
|λk+1−λk|
2
,
|λk−1−λk|
2
)
.
AMS Subject Classifications: Primary 47A60, 47A10, 47D03, 47D06, 47D62.
Secondary 47A10.
1 Introduction and notations.
In this paper we deal with the spectral decomposition of a linear operator A
over a Banach space E (see for instance [5, Chapter 4] and [6]): For which
subspace D ⊂ E do we have:∑
k∈Z
Pkx = x, (x ∈ D) (1)
where σ(A) := {iλk, k ∈ Z}, λi 6= λj, is assumed to be discrete and Pk are
the associated eigen-projectors:
Pkx :=
∫
γk
(λ−A)−1x dλ, (2)
whith γk := C(iλk, rk) is the positively oriented circle centered at iλk and
rk sufficiently small so that |λk − λℓ| > rk for ℓ 6= k.
∗Corresponding author.
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In the case of bounded C0-groups, if supk ‖Pk‖ <∞ and if
∑
k |λk|
−1 <
∞ then (1) holds true with D = D(A).
For the generator A of a bounded C0-group on a Banach space E, there
exists a large literature of spectral theory. The introduction of the spec-
tral theory was strongly motivated by operator algebras (see for instance
[24]), and was further developed in the course of applications to groups of
automorphisms of operator algebras (see for instance [10]). Always in the
framework of the generator of bounded groups, Gelfand’s theorem (1941)
[16] gives the equivalence between the spectrum of A is zero, σ(A) = {0}
and A is trivial, A = 0.
Recently, related topics to Gelfand’s theorem has been extensively developed
in a more general framework than bounded groups. (see [1], [5, Chapter 4],
[15], [27] and the references therein).
Unfortunately the framework of bounded groups fails for several appli-
cations. A typical example is the Schro¨dinger operator i∆ on Lp(Ω) with
Dirichlet or Neumann boundary condition for p 6= 2. In fact, for bounded
domains Ω ⊂ RN and using Sobolev embedding, Arendt showed in 1991
[3] that i∆ (with Dirichlet or Neumann boundary condition) generates a
k-times integrated group, that is polynomially bounded, for k > N2 |
1
p −
1
2 |.
It should be noticed also that El-Mennaoui and Kyantuo showed that the
order N2 |
1
p −
1
2 | is optimal, see for instance [13], and hence i∆ does generate
a C0-group in this case.
The notion of integrated semigroups was introduced by Arendt [2] in
1987. An operator A generates a n-times integrated semigroup {S(t)} (n ∈
N) if and only if there exists w ∈ R such that
(λ−A)−1 = λn
∫ ∞
0
e−λtS(t) dt
for Reλ > w. The n-times integrated group is said to be polynomially
bounded if there exists a positive integer k and a positive constant C such
that ‖S(t)‖ ≤ C(1 + |t|k) for all t. The n-times integrated group is said to
be temperate if there exists a positive constant C such that ‖S(t)‖ ≤ C|t|n.
Except spectral distributions, there is no corresponding spectral theory
for integrated groups. The notion of spectral distributions have been intro-
duced in 1991. The special case of temperate integrated groups has been
extensively studied. See for instance [8, 20, 21, 14, 15].
In this paper, and using elementary calculations, we will show that the
decomposition (1) holds true for all x ∈ D(Aℓ) for some power ℓ, where
A is the generator of polynomially bounded n-times integrated group with
discrete spectrum.
Throughout this paper we suppose in addition (rescaling A if needed)
that (λk)k∈Z∗ is an increasing sequence, λk > 0 for k > 0 and λk < 0 for
k < 0.
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The paper is organized as follows: in the second section we prove a sepa-
ration result that permits to find two closed subspaces E− and E+ invariant
by the integrated group such that σ(A|E
−
) ⊂ iR∗− and σ(A|E+ ) ⊂ iR
∗
+. In
the third section the bounded group case is considered. The fourth section is
devoted to the integrated group case (Theorem 3) with some additional con-
ditions on |λk|
−1 and on the distance separating successive elements of the
spectrum. In the last section we apply our results to Schro¨dinger operators
on Lp spaces.
Acknowledgment. The third author wishes to thank A. El Soufi and
B. Helffer for enlighten discussions concerning this paper.
2 Some general separation results
Given a linear operator T on a Banach space E with spectrum σ(T ) =
σ1 ∪ σ2, union of two closed disjoint sets with σ2 compact, it is well known
that P2x :=
1
2iπ
∫
Γ(λ − T )
−1x dλ (x ∈ E), where Γ is any bounded path
surrounding σ2 and not containing in its interior any point of σ1, defines
a bounded projector and then we have the following decomposition: E =
E1 ⊕ E2, where E2 := P2E = ImP2 and E1 := ker P2, and if we denote
by T1 := T|E1 and T2 := T|E2 , the part of T on E1 and E2 respectively,
then σ(T2) = σ2 and σ(T1) = σ1. But if σ1 and σ2 are not bounded, the
associated projectors are not necessarily bounded. Consider, for example,
the operator T = ddx on the space E = L
1([0, 2π]). It is well known that the
spectrum is σ(T ) = iZ and the projector defined by
P
[
n∑
k=−n
ake
ikx
]
:=
n∑
k=0
ake
ikx
is not bounded on E (see for example [23, Part II, Chapter 3 e.]).
The aim of this section is to show the following “separation” theorem:
Theorem 1 Let A be the generator of an n-times integrated group (S(t))t∈R
satisfying ‖S(t)‖ ≤M(1+|t|m) (m ∈ R+). Assume that σ(A) = {iλn; n ∈ Z
∗} =
σ+ ∪ σ− where σ+ := {iλn, n ≥ 1} ⊂ iR
∗
+ and σ
− := {iλn, n ≤ −1} ⊂
iR∗−. Then there exists two closed subspaces E− and E+ of E invariant by
(S(t))t∈R such that D(A) ⊂ E− ⊕ E+ and A− := A|E
−
(resp. A+ := A|E+ )
generates n-times integrated group satisfying the same boundedness property
and whose spectrum σ(A−) = σ
− (resp. σ(A+) = σ
+).
For all k ∈ Z∗, define the spectral projection Pk by
Pk :=
1
2iπ
∫
γk
R(λ,A) dλ,
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where γk := {z ∈ C; |z − iλk| = εk} with εk > 0 such that D(iλk, εk) ∩
σ(A) = {iλk}. It is clear that Pk is a bounded projection, Pkx ∈ D(A) for
all x ∈ E, and PkPk′ = 0 for all k 6= k
′.
We will need the following generalization of Gelfand’s theorem, for the
proof we refer to [12, Proposition 8.1].
Proposition 1 [12, Proposition 8.1]
Let A be the generator of a n-times integrated group (S(t))t∈R satisfying
‖S(t)‖ ≤M(1 + |t|m), with m ≥ n then σ(A) = ∅ if and only if E = {0}.
Remark 1 This implies the following weaker version (see also [12, Propo-
sition 8.1]): σ(A) = {0} if and only if Am−n+1 = 0.
In the following we are concerned with the convergence of the series∑
Pkx. A first result is:
Proposition 2 F :=
⋃
k∈Z∗
Pk(E) is dense in E.
Proof: Setting G := E/F , it suffices to see that this Banach space is trivial.
Denote by B the part of A in G. B generates an n-times integrated group
that is polynomially bounded as (S(t)) and the spectrum σ(B) = ∅. Using
proposition 1 G = {0}. 
Given x ∈ F , there exists y ∈ E, k ∈ Z∗ such that x = Pky, then Pℓx = 0
for all ℓ 6= k, thus we obtain the convergence of the series
∑
Pkx to x for all
x ∈ F .
In order to give more precise information on the convergence of the series,
we start by showing that the convergence of the series
∑
Z∗
Pkx is equivalent
to the convergence of
∑
k>0 Pkx and
∑
k<0 Pkx for some regular x.
Lemma 1 For all x ∈ E and all k ∈ Z∗, the mapping λ 7−→ R(λ,A)Pkx is
analytic on C\{iλk} and there exists ck > 0 such that for all λ /∈ D(iλk, εk)
‖R(λ,A)Pk‖ ≤
Ck
dist(λ, γk)
.
Proof : Let k ∈ Z∗ and x ∈ E. SinceR(λ,A)Pkx =
1
2iπ
∫
γk
R(λ,A)R(µ,A)x dµ,
the resolvent equation implies
R(λ,A)Pkx =
1
2iπ
∫
γk
R(λ,A)x−R(µ,A)x
µ− λ
dµ
=
1
2iπ
∫
γk
R(λ,A)x
µ− λ
dµ −
1
2iπ
∫
γk
R(µ,A)x
µ− λ
dµ.
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For λ /∈ D(iλk, εk),
1
2iπ
∫
γk
R(λ,A)x
µ− λ
dµ = 0, then
R(λ,A)Pkx = −
1
2iπ
∫
γk
R(µ,A)x
µ− λ
dµ,
thus ‖R(λ,A)Pkx‖ ≤
‖x‖ εk
dist(λ, γk)
sup
µ∈γk
‖R(µ,A)‖. It suffices then to take
Ck := εk sup
µ∈γk
‖R(µ,A)‖. 
Proposition 3 There exists P ∈ L(D(A), E) such that
P

 ∑
−N≤k 6=0≤N
A−m−1Pkx

 = k=N∑
k=1
A−m−1Pkx (N ∈ N
∗, x ∈ E), (3)
(
PA−m−1
)2
= PA−2m−2.
Proof: Let δ > 0 be such that δ < min(λ1, |λ−1|) and consider (Rn)n∈N∗ an
increasing sequence of strictly positive numbers satisfying for all N ≥ 1
D(0, RN ) ∩ σ(A) = {iλk; −N ≤ k ≤ N, k 6= 0} .
Let ΓN be the positively oriented path ΓN := [−RN ,−δ]∪C
+(0, δ)∪ [δ,RN ]
(see the figure below).
δ
ΓN
RN
C+(0, RN )
Since 0 6∈ σ(A), consider, for N ∈ N∗ and x ∈ E, the bounded oper-
ator QNA
−m−1x :=
1
2iπ
∫
ΓN
R(λ,A)A−m−1x dλ. We will first show that
QNA
−m−1 converges strongly in E. The resolvent equation:
R(λ,A)A−kx =
A−kx
λ
+ · · ·+
A−1x
λk
+
R(λ,A)x
λk
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implies
QNA
−m−1x =
A−m−1x
2
+
m+1∑
j=2
1
2iπ
∫
ΓN
(−λ)−jA−(m+1−j)x dλ
+
1
2iπ
∫
ΓN
(−λ)−m−1R(λ,A)x dλ.
Since
∫
ΓN
(−λ)−jA−(m+1−j)x dλ = −
∫
C+(0,RN )
(−λ)−jA−(m+1−j)x dλ, whose
modulus tends to zero as N →∞ for j > 1, it suffices to prove the conver-
gence of the last term. Using the bound on the integrated group (S(t)) we
have (Reλ 6= 0)
∥∥∥∥R(λ,A)λm+1
∥∥∥∥ ≤ C|λ|n−m+1
(
1
|Reλ|
+
1
|Reλ|m+1
)
so lim
N→∞
1
2iπ
∫
ΓN
R(λ,A)x(−λ)−m−1 dλ exists. Denote byQA−m−1x its limit.
Set P := Q− 12Id and let’s show the equality (3).
From one side, for 1 ≤ k ≤ N , by Cauchy formula and Lemma 1 we have:
QNA
−m−1Pkx =
1
2iπ
∫
ΓN
R(λ,A)A−m−1Pkx dλ
=
∫
C+(0,RN )
R(λ,A)A−m−1Pkx dλ+ PkA
−m−1Pkx
= −
1
2iπ
∫
C+(0,RN )
m+1∑
j=1
(−λ)−jA−(m+1−j)Pkx dλ
−
1
2iπ
∫
C+(0,RN )
(−λ)−m−1R(λ,A)Pkx dλ+A
−m−1Pkx
= A−m−1Pkx+
1
2iπ
∫
C+(0,RN )
R(λ,A)Pkx+A
−1Pkx
λ
dλ
−→ A−m−1Pkx+
A−m−1Pkx
2
(as N →∞)
=
3
2
A−m−1Pkx = QA
−m−1Pkx.
Similarly, for −N ≤ k ≤ −1, we get
lim
N→+∞
QNA
−m−1Pkx = QA
−m−1Pkx =
1
2
A−m−1Pkx.
Thus we have proved the equality (3). Now since F is dense in E and
PA−1 ∈ L(E), we see that
(
PA−m−1
)2
= PA−2m−2. 
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Remarks 2
1- Notice that Px = −
1
2iπ
∫
Γ
R(λ,A)Am+1x
(−λ)m+1
dλ for all x ∈ D(Am+1), where
Γ :=]−∞,−δ] ∪ C+(0, δ) ∪ [δ,+∞[.
2- In general the operator P is not bounded.
For example consider the rotation group (T (t))t∈R on L
p
2π(R) with 1 ≤ p <
+∞, where Lp2π(R) the Banach space of measurable 2π-periodic functions
on R satisfying
∫ 2π
0 |f(x)|
p dx < +∞. The rotation group is defined by
T (t)f(x) := f(x + t) for f ∈ Lp2π(R). The generator A of (T (t))t∈R is
defined by Af = f ′ and D(A) = {f ∈ Lp2π(R), f
′ ∈ Lp2π(R)}. f
′ is the
derivative in the distribution sense. It is easy to verify that the spectrum of
A, σ(A) = iZ and the eigenvectors are exactly the Fourier basis (eint)n∈Z.
Therefore P(f) is the Fourier series associated to f . It is well known that
for p 6= 2, (eint)n∈Z is not a basis of L
p
2π(R) so P(f) does not converge in
Lp2π(R) except for p = 2. Consequently P is defined only on the domain of
A.
Proof of Theorem 1: Set E− := {x ∈ E; PA
−m−1x = 0} = kerPA−m−1
and E+ := {x ∈ E; PA
−m−1x = A−1x}. E− and E+ are two closed sub-
spaces of E. It is clear that D(Am+1) ⊂ E0 + E1 and that E0 and E1 are
invariant by (S(t))t∈R. If x ∈ E0 ∩ E1, then A
−m−1x = PA−m−1x = 0 and
so x = 0.
Let A− be the part of A in E−. It’s clear that σ(A−) ⊂ σ(A). To show
that σ(A−) = σ
− it suffices to verify that σ(A−) ∩ σ
+ = ∅. Suppose
that there exists k ∈ N∗ such that iλk ∈ σ(A−). There exists then a se-
quence (xn)n∈N∗ ⊂ D(A−) such that for all j ∈ N
∗ we have ‖xj‖ = 1 and
‖Axj − iλkxj‖ ≤
1
j .
From one side for λ ∈ Γ we have∥∥∥∥ −xjλ− iλk +R(λ,A)xj
∥∥∥∥ =
∥∥∥∥R(λ,A)(Axj − iλkxj)λ− iλk
∥∥∥∥ ≤ Cj |λ− λk|
where c := supλ∈Γ ‖R(λ,A)‖.
From the other side we have Px =
1
2iπ
∫
Γ
R(λ,A)Am+1x
(−λ)m+1
dλ for x ∈ D(Am+1)
and since 12iπ
∫
Γ
xj
(−λ)m+1(λ−iλk)
dλ =
xj
(−iλk)m+1
, then
∥∥∥∥PA−m−1− xj − xj(−iλk)m+1
∥∥∥∥ ≤ 12π
∣∣∣∣
∫
Γ
C
jλ(λ− iλk)
dλ
∣∣∣∣ .
Thus lim
j→∞
∥∥∥∥PA−m−1− xj − xj(−iλk)m+1
∥∥∥∥ = 0, but xj ∈ E−, so PA−m−1xj =
0 hence limn→+∞ ‖xj‖ = 0. This is absurd since ‖xj‖ = 1. Therefore
σ(A−) ∩ σ
+ = ∅ and the spectrum of A− is σ
−. 
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3 Bounded C0-groups case
The case of bounded groups is more classical and spectral theory must lead
to simple proofs. Indeed, the spectral projections can be written in the form
Pk =
∫
R
F(fk)(t)T (t) dt where fk(λj) = δkj. Assume for the moment that
c := supk ‖Pk‖ < ∞. For x ∈ D(A), and using Gelfand’s theorem, one has
PkAx = λkPkx and hence ‖Pkx‖ ≤ c|λk|
−1‖Ax‖. Under the hypothesis that∑
k |λk|
−1 <∞ it follows that
∑
k Pkx is convergent for all x ∈ D(A).
The problem now is to choose suitable functions fk so that supk ‖Ffk‖L1 is
finite. For this take
fk(t) := f
(
t− λk
δk
)
where f is any C∞ function of support in (−1, 1) that is equal to 1 on a
neighborhood of zero, and δk :=
1
2 min(λk − λk−1, λk+1 − λk). Then we get
‖Pk‖ ≤ ‖Ffk‖L1 = ‖Ff‖L1 .
We have thus proved the following theorem. However, aiming to introduce
our method, we give another proof based on the contour method.
Theorem 2 Let A be the generator of a bounded C0-group (T (t))t∈R with
discrete spectrum σ(A) = {iλk, k ∈ Z
∗}. Assume that
∑
k∈Z∗
1
|λk|
< ∞,
then
∑
k∈Z∗
Pkx = x (x ∈ D(A)) and
∑
k∈Z∗
iλkPkx = Ax (x ∈ D(A
2)).
Proof: Let’s show first that supk ‖Pk‖ < ∞, where Pk is defined by (2).
Remark that we can write
Pkx =
1
2iπ
∫
γk
(λ−A)−1
[
1 +
(λ− iλk)
2
r2k
]
dλ
since λk is a simple pole for (λ − A)
−1. Now since A generates a bounded
group we have ‖Re(λ)(λ −A)−1‖ ≤ c. Thus
‖Pk‖ ≤
1
2π
∫ 2π
0
‖(rke
iθ −A)−1‖ |1 + e2iθ| rkdθ
≤
1
π
∫ 2π
0
‖rk cos θ(rke
iθ −A)−1‖ dθ ≤ 2c.
Now, for x ∈ D(A) and using Gelfand’s theorem, we have
Pkx =
1
λk
APkx =
1
λk
PkAx
hence
‖Pkx‖ =
1
|λk|
‖PkAx‖ ≤
2c
|λk|
‖Ax‖.
Therefore,
∑
k Pkx is normally convergent for all x ∈ D(A). Since
∑
k Pkx =
x for all x ∈ F we get the result using the density of F in D(A). 
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4 Integrated groups case
As we saw in the preceding section, the spectral theory could give easily the
spectral decomposition in the case of bounded groups. But this method does
not work1 for the more general class, while contour method still applicable.
In this section we will give more appropriate conditions on the behavior
of the spectrum to get convergence.
The following is an “integrated” version of theorem 2. Here n and ℓ are
fixed integers.
Theorem 3 Let A be the generator of an n-times integrated group (S(t))t∈R
satisfying for all t
‖S(t)‖ ≤M(1 + |t|n), (4)
with discrete spectrum σ(A) = {iλk; k ∈ Z
∗} ⊂ iR∗. Assume that
∑
k∈Z∗
1
|λk|
ℓ δnk
<∞, (5)
where
δk := min
(
|λk+1 − λk|
2
,
|λk−1 − λk|
2
)
,
then ∑
k∈Z∗
Pkx = x for all x ∈ D(A
n+ℓ). (6)
Proof: Using theorem 1, we can suppose that σ(A) = {iλn; n ∈ N
∗} ⊂
iR∗+. Let k ∈ Z
∗ and set Ak := (A− iλkId) |Pk(E) the part of A− iλkId on
Pk(E). Ak is a bounded operator on Pk(E), hence it generates, in particular,
an n-times integrated group (Sk(t))t∈R that is temperate at infinity (i.e.
‖Sk(t‖ = O(|t|
2n))) and whose spectrum σ(Ak) = {0}. Hence, using Remark
1, we have An+1k = 0. Thus we have
R(iλk + λ,A)Pℓx =
n∑
j=1
Ajk
(λ− i(λℓ − λk))
j+1
Pℓx
for all |λ| = δk.
Observing that the mapping λ 7−→ λ2(2n+1)R(iλk +λ)x is analytic from the
disc D(0, δk) into Pk(E), denote by
PNx :=
1
2iπ
∫
|λ|=δk
[
1 +
λ2(2n+1)
δ
2(2n+1)
k
]n+1 k=N∑
k=1
R(iλk + λ,A)x dλ,
1Since the uniform boundedness of the projectors is not true in general in this case.
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then {
PNPℓ(x) = Pℓ(x) for |ℓ| ≤ N
PNPℓ(x) = 0 for |ℓ| > N
We deduce that for all x ∈ F :=
⋃
k>1
Pk(E) the sequence (PNx)N∈N∗ con-
verges to x.
Using the following resolvent equation:
R(λ,A)A−nx =
A−nx
λ
+ · · · +
A−1x
λn
+
R(λ,A)x
λn
we get
PNA
−nx =
1
2iπ
∫
|λ|=δ
[
1 +
λ2(2n+1)
δ
2(2n+1)
k
]n+1 k=N∑
k=1
R(iλk + λ,A)
(λ+ iλk)n
x dλ
Now forRe(λ) > 0, we have (λ+iλk)
−nR(iλk+λ,A)x =
∫ +∞
0 e
−iλkte−λtS(t)x dt.
Thus, for x ∈ D(An+ℓ), setting UN (λ)x :=
∑k=N
k=1 (λ+ iλk)
−nR(iλk+λ,A)x,
we have
UN (λ)x =
k=N∑
k=1
∫ +∞
0
e−iλkte−λtS(t)x dt
=
∫ +∞
0
[
k=N∑
k=1
e−iλkt
]
e−λtS(t)x dt
Integrating ℓ times by parts, we get
UN (λ)x =
k=N∑
k=1
∫ +∞
0
e−iλkte−λtS(t)x dt
=
∫ +∞
0
[
k=N∑
k=1
e−iλkt
]
e−λtS(t)x dt
=
∫ +∞
0
k=N∑
k=1
e−iλkt
(iλk)ℓ
e−λt
[
S(t)(A − λ)ℓ + f(λ,A, t)
]
x dt,
where f(λ,A, t) :=
∑
0≤α,β≤ℓ
∑
0≤γ≤n aα,β,γλ
αtγAβ is a polynomial on t,
aα,β,γ are constants. Using (4) we get
‖UN (λ)x‖ ≤ c1‖x‖Aℓ
k=N∑
k=1
1
|λk|ℓ
∫ +∞
0
(
∑
0≤j≤n
tj)e−tRe(λ) dt
≤ c2‖x‖Aℓ
[
k=N∑
k=1
1
|λk|ℓ
] ∑
1≤j≤n+1
1
|Re(λ)|j
,
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where c1 and c2 are two strictly positive constants. Then, denoting by
C+k = {Rez > 0, |z| = δk} and by P
+
N
P+Nx :=
1
2iπ
∫
C+
k
[
1 +
λ2(2n+1)
δ
2(2n+1)
k
]n+1 k=N∑
k=1
R(iλk + λ,A)
(λ+ iλk)n
x dλ,
we get
∥∥P+NA−n−1x∥∥ ≤ c3δk‖x‖Aℓ
k=N∑
k=1
1
|λk|ℓ
∫ π/2
−π/2
∣∣∣1 + e2iθ(2n+1)∣∣∣n+1 ×
∑
1≤j≤n+1
1
|δk cos θ|
j
dθ
≤ c5‖x‖Aℓ
∑
0≤k≤N
∑
0≤j≤n
1
|λk|ℓδ
j
k
∫ π/2
−π/2
| cos(θ(2n+ 1))|n+1
| cos θ|j+1
dθ.
Thus (we may assume that δk ≤ 1)
∥∥PNA−n−1x∥∥ ≤ c5‖x‖Aℓ ∑
0≤k≤N
1
|λk|ℓδnk
∫ 2π
0
∑
0≤j≤n
| cos(θ(2n + 1))|n+1
| cos θ|j
dθ.
Since the integrals
∫ 2π
0
|cos θ(2n+ 1)|n+1
|cos θ|j
dθ = 2
∫ +π
2
−π
2
|sin θ(2n+ 1)|n+1
|sin θ|j
dθ <∞
are finite for j, and using (5) there exists c > 0 such that for all x ∈ E we
have ∥∥∥PNA−(n+1)x∥∥∥ ≤ c ‖x‖ .
But for x ∈ F , limN→+∞ PNx = x and F is dense in E then for x ∈ D(A
n+1)
limN→+∞ PNx = x. 
5 Applications: Schro¨dinger operator on a com-
pact manifold
Consider the Scho¨dinger operator Hp = −∆ + V , where ∆ is the Laplace-
Beltrami operator on Lp(M), M is a compact manifold with Dirichlet or
Neumann manifold in the nonempty boundary case and V a regular poten-
tial. The operator H2 generates on L
2(M) a self-adjoint operator. Following
the same technique as in [3, Theorem 4.3, p.37] and by Sobolev imbeddings,
the operator iHp generates on L
p(M) a n-times integrated group {S(t)},
for n > N2 |
1
p −
1
2 |, with 1 < p < ∞. Now by a similar calculation as in
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[22, Proposition 3.1, p. 61] the integrated group is polynomially bounded:
‖S(t)‖ ≤ C(1 + |t|n) for some positive constant C and all t ∈ R.
The basic fact in this section is the p-spectral independence of the
Schro¨dinger operator on Lp for 1 ≤ p < ∞ (see [18], [4] and the refer-
ences therein). Moreover, it’s well known that the spectrum of −∆ + V is
a strictly increasing sequence (λk) and if (µk) are the eigenvalues counted
with their multiplicities then µk ∼ Ck
2/N as k → ∞ where C is a positive
constant independent of k. Indeed, for any k we have
µk(−∆)− ‖V ‖∞ ≤ µk(−∆+ V ) ≤ µk(−∆) + ‖V ‖∞.
To apply Theorem 3 we need an estimate for λk+1 − λk.
In what follows we give applications for which one can use our result.
Unfortunately, in many cases the condition (5) is not satisfied (which shows
the relevance of this condition).
5.1 Schro¨dinger operator on Lp(SN)
Consider the Laplace-Beltrami operator −∆ on the sphere SN . It is well
known (see for instance [26, Corollary 4.3]) that the spectrum of the Laplace
operator −∆ on the space L2(SN ) (and hence on Lp) is the set {k(k+N −
1), k ∈ Z}. In this case one can apply Theorem 3 with ℓ > 1/2 and we have
the decomposition (6).
It is well known that the dimension of the eigen-space associated to the
eigenvalue k(k + N − 1) is m(k) := (n + 2k − 1) (N+k−2)!k!(N−1)! . Each eigen-
value k(k + N − 1) of −∆ is split into m(k) eigenvalues of the operator
Hp := −∆+V , with some regular potential V and the distance between two
successive eigenvalues is now the distance between the two successive µk,ℓ
and µk,ℓ+1 (supposed ordered). Several authors studied the asymptotic of
the (µk,ℓ)0≤ℓ≤2k, and in particular, Grigis gave in the two dimensional case
(see [17]) a very simple form of potential V (x) = 4x1x2, with the notation
S2 = {x21+ x
2
2+ x
2
3 = 1}, for which the difference µk,ℓ+1−µk,ℓ = O(k
−∞) is
exponentially small. See also [11, Theorem 7.9] for another example. This
shows the relevance of the hypothesis (5).
5.2 Harmonic oscillator on Lp(RN)
Consider the operator Hp = −∆ + |x|
2 on Lp(RN ). For p = 2, H2 is self-
adjoint and its spectrum is {2k +N ; k ∈ N} (see for instance [26, Chapter
8, section 6]). In this case the distances between successive eigenvalues are
bounded below. Using the same technics as in the last subsection Theorem
3 is applicable and we have the decomposition∑
k≥1
Pkx = x (x ∈ D(H
n+ℓ)),
where n > N2 |
1
p −
1
2 | and ℓ > 1.
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5.3 Schro¨dinger operator on a 2-D flat torus
Consider the Laplace-Beltrami operator H = −∆T on the torus T := R
2/Γ
where Γ := Ze1 ⊕ Ze2 and e1 = (a, 0), e2 = (0, b), a and b are positive real
numbers. Using again Sobolev imbeddings, the operator iH generates on
Lp(T ) a n-times integrated group {S(t)}, for n ≥ N2 |
1
p−
1
2 |, with 1 < p <∞.
On Lp(T ), 1 ≤ p < ∞, the spectrum σ(H) is formed of eigenvalues and is
given by {a′m2 + b′n2; m,n ∈ Z} (see for instance [9, Chapitre 3]), where
a′ := (2π/a)2 and b′ := (2π/b)2. In order to apply Theorem 3 we need to
estimate the decay of δk, the distance between successive eigenvalues. For
this we need the following algebraic proposition:
Proposition 4 [19, Proposition D.1.2 and Remark D.1.2.2] Let α be an
algebraic number of degree d ≥ 2. There exists a constant C(α) > 0 such
that ∣∣∣∣α− pq
∣∣∣∣ ≥ C(α)qd for all pq ∈ Q
Corollary 1 Let α := b2/a2 and d be as in the last proposition and denote
by {λn, n ∈ N} the spectrum of i∆T the Schro¨dinger operator on L
p(T ),
1 ≤ p <∞. Then there exists projectors Pk such that∑
k≥1
Pkx = x (x ∈ D((−∆)
n(d−1)+2)),
where n > N2 |
1
p −
1
2 |.
Proof. Denote by 0 < λ¯ = a′m¯2+ b′n¯2 < λ = a′m2+ b′n2 be two successive
large eigenvalues. Then
[λ− λ¯]/b′ = |n2 − n¯2 + α(m2 − m¯2)| = |m2 − m¯2|
∣∣∣∣ n2 − n¯2m2 − m¯2 + α
∣∣∣∣
and by the last proposition
λ− λ¯
b′
≥
C(α)
|m2 − m¯2|d−1
≥
C
λd−1
.
Therefore λd−1k δk ≥ const (with the notations of Theorem 3). Applying
Theorem 3, and since the series
∑
n≥1
∑
m≥1
1
(am2+bn2)2
is convergent, one
gets the desired result. 
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